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Structure Spaces of Approximately Finite-Dimensional 
C*-Algebras, II 
OLA BRATTEIJ 
Consider the follo\~ing properties of a topological space: (I) Distinct points 
have distinct closures (To separation). (2) Each closed set not the union of two 
proper closed subsets is the closure of a point. (3) There exists 21 countable 
basis. (4) There exists a basis of compact open sets. It is known that the space 
of primitive ideals of a separable approximately finite-dimensional C--algebra 
has properties (l)--(4). We shall she%- that any space with properties (i)-(4) 
arises in this \\a~. 
I, INTRoDI.CTIO~ 
An approximately finite-dimensional separable P-algebra-briefly, an XF 
algebra-is a C*-algebra which is the inductive limit of a sequence of finite- 
dimensional C*-algebras (see [I, 7, 121). Th ese algebras form an interesting 
class of C*-algebras without Hausdorfi separation of the primitive spectrum- 
the set of primitive ideals with the Jacobson topology (see [6, 3.1. I]). 
Little is known about sufficient conditions for a topological space to be the 
primitive spectrum of a C*-algebra. Therefore, it is of interest to characterize 
the primitive spectra of AF algebras. 
One such characterization was given in [2]. H owevcr, the conditions given in 
[2] are not as simple as may be desired. They are not obviously satisfied even 
by a To space with finitely many points (which was shown in 123 to be the spec- 
trum of an AF algebra). 
The conditions given in [2] do have the simple consequence that there exists 
a basis of compact open sets (see aIso [8]). In this paper, we shall show that this 
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property, together with some well known general properties of the primitive 
spectrum of a separable C*-algebra, is sufficient for a topological space to be the 
primitive spectrum of an AF algebra. 
The term AF algebra has a slightly wider sense in this paper than in [l-3], 
where the algebras were assumed to have units. It seems reasonable to ease this 
restriction, so that closed two-sided ideals also will be AF algebras (see [l, 3.11). 
The primitive spectrum of an AF algebra then need not itself be compact. 
2. DIAGRAMS ASSOCIATED WITH AN AF ALGEBRA 
In [I], an AF algebra, or, rather, a sequence of finite-dimensional C*-algebras 
of which it is the inductive limit, is described in a diagrammatic, or graph- 
theoretical manner. Thus, to the sequence A, + A, -+ ... of finite-dimensional 
C*-algebras can be associated the sequence (S, , S, ,...) of finite sets, where 
Si is the set of simple direct summands of Ai. Moreover, a relation \ can be 
defined between elements of Si and of Si+1 , i = 1, Z,..., comprising those 
ordered pairs of a simple direct summand of Ai partially embedded in a simple 
direct summand of Ai+,(that is, the image of the first is not annihilated by the 
second). 
The relations (or multivalued maps) S, L S, L ... are everywhere defined 
if and only if the maps A, -+ A, --j ‘.. are injective. Since for a given AF 
algebra the maps A, + A, + ... may be chosen to be injective, there would be 
no loss in generality in considering only everywhere defined relations. On the 
other hand, the relations are surjective, from some stage on, if and only if the 
spectrum of the inductive limit of the sequence A, --f A, + ... is compact 
(see 3). 
To describe completely the sequence A, --f A, -+ ..‘, more structure needs to 
be given to the diagram (to determine, for each i, the orders of the simple direct 
summands of Ai, and the multiplicities of the partial embeddings of these into 
the simple direct summands of A,+l). The sequence S, ‘x S, I ... of finite 
sets and relations does suffice to determine the primitive spectrumof the inductive 
limit of the sequence A, - A, -+ .... Equivalently, it determines the lattice of 
closed two-sided ideals of the inductive limit: By 3.1 of [I], each closed two- 
sided ideal of the inductive limit of the sequence ,4, --f -4, + ... is determined 
by its preimages in A, , A, ,...; hence these ideals are in one-to-one correspond- 
ence with the sequences (T1 , T, ,...) of subsets, Tl C S, , T, C S, ,..., such that 
for each i = 1, 2,...: 
(i) the image of Ti by L is contained in Ti+l; 
(ii) Ti is the largest such subset of Si . 
We shall call such a sequence of subsets Tl ‘x T2 ‘x ... an ideal of the sequence 
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S, L S, ‘\ .... If the set of such ideals is ordered by inclusion, by which 
is meant that 
then the correspondence with closed two-sided ideals of the inductive limit of 
A, + A, ---f ... becomes a lattice isomorphism. 
The sequence S, “4 S, L ‘.. of finite sets and relations is arbitrary, in the 
sense that any such sequence of finite sets and relations is isomorphic to one 
obtained in the above manner from an AF algebra. While such an AF algebra 
is not unique, it may be specified completely (up to isomorphism) by choosing 
the sequence of finite-dimensional C*-algebras such that the multiplicities of 
the partial embeddings are either 0 or 1, and the orders of the simple direct 
summands are the smallest possible. 
3. THE PRIMITIVE SPECTRUM OF AN AF ALGEBRA 
A topological space is called a spectral space (Definition 4.9 of [14]) if it 
satisfies the T, separation axiom and if every closed set which is irreducible, 
that is, not the union of two proper closed subsets, is the closure of a point. 
By 4.17 of [14], such a space is homeomorphic to the prime spectrum of the 
lattice of its open subsets, by the map which to each point associates the com- 
plement of its closure, a prime element of the lattice of open sets. 
The primitive spectrum of a C*-algebra is a locally compact Baire space 
satisfying the T,, separation axiom (see [6, 3.3.8, 3.4.13, 3.1.31). The primitive 
spectrum of a separable P-algebra has a countable basis (see [6, 3.3.41). It 
follows from these properties (see [5, Theo&me 21) that every irreducible closed 
set is the closure of a point. Thus, the primitive spectrum of a separable C”- 
algebra is a locally compact spectral space with a countable basis. 
The primitive spectrum of a C*-algebra such that each closed two-sided ideal 
is generated (as such) by its projections-in particular, of an AF algebra (see 
[l, 3.1])-has a basis of compact open sets. Indeed, the primitive ideals not 
containing a fixed projection are just those to which the distance from the 
projection is at least one, a compact set by 3.3.7 of [6]. Each such set is open, 
and the hypothesis just says that these open sets form a basis. 
In a topological space with a countable basis, each compact open set is a finite 
union of sets in this basis, and therefore there are only countably many compact 
open sets. 
In summary, the primitive spectrum of an AF algebra is a spectral space in 
which the compact open sets form an countable basis. 
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4. COMPACT OPEN SETS IN A SEPARABLE SPACE 
LEMMA. Let X be a topological space in which the compact open sets form a 
countable basis. Then there exists a sequence (KI , K, ,...) of jinite collections of 
compact open subsets of X such that: 
(i) if an element of K,,, is contairred in the union of certain elements of K, 
then it is contained in one of these; 
(ii) each element of K,, is a union of elements of K,,,; 
(iii) the elements of KI u K2 v ... foYm a basis. 
Proof Counting the compact open subsets of X, denote them by U, , Ua ,... . 
Clearly the following condition is stronger than condition (iii): 
(iii)’ lYn is a union of elements of K,, . 
We shall construct a sequence (KI , K, ,...) satisfying conditions (i), (ii), and 
(iii)‘. 
Choose KI = {Vi} and K2 = (UI , U,>. If 0; Q U1 u U, , choose K3 == 
{U, , U, , Ua}. If Ua C U, u U, , then U, = V, u ... u V,. where V, ,..., V, 
are compact open sets each contained either in 0; or in Ua (each of U, n U, 
and U, n U2 is a possibly infinite union of compact open sets, and the union of 
U, n U, and U, n U, is U, and is compact); in this case choose K3 = {U, , U2 , 
V 1 >..., V,}. Proceed in this way; more explicitly, proceed as follows. 
Suppose that KI ,..., K, have been chosen to satisfy conditions (i), (ii), and 
(iii)’ for n = I,..., m. We shall construct K,+1 satisfying (i), (ii), and (iii)’ for 
n = m + 1. The existence of the desired sequence (KI , K, ,...) follows by 
induction. 
Denote the elements of K, by UT1 ,..., W, . Write LVr = V(l) ,..., LVn = V(p), 
U m+1 = V(P + 1). 
For each V(i,) for which there exists J C {I,..., p> such that: V(i,) C ujEJ Wj , 
J is minimal such (with respect to inclusion), and J has at least two elements, 
choose such a J, say J(Q; then as above we have V(i,) = vi, V(il , i2) where 
each V(i, , i2) is compact and open and contained in Wj for some j E J(i& and 
the union is finite. 
For each V(i, , iz) for which there exists J(iI , i2) C {I,..., p} such that: 
V(i, , iJ C uicJ(i,,i,) Wj , J(iz , iJ is minimal such, and J(il , iz) has at least two 
elements, we have V(i, , i2) = ui, V(i, , i2 , i3) where each V(i, , iz , i3) is 
compact and open and contained in Wj for some j E J(iI , i2), and the union is 
finite. 
Repeat this procedure. For each sequence (il , ;a ,...), the sets J(Q, J(il , Q,.,., 
as far as they exist, are distinct, and have at least two elements. Therefore the 
procedure can be carried out at most 2~ - p - 1 times. This means that the 
collection of all V(i, , iz ,...) is finite. 
For Km+, choose the collection of all V(i, , ia ,...) for which there does not exist 
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J C (l,..., p} such that: V(i, , i, ,... ) C ujsJ Wj , J is minimal such, and J has al 
least two elements. Trivially, this choice satisfies condition (i) for 12 = vz +- 1 
That it also satisfies conditions (ii) and (iii)’ for n -== m + 1 follows from the 
fact that every I’(;, , i, ,,.. ), in particular, each of WI ,..., W, , U,, +r , is a union 
of elements of K,,,,, . 
5. CONSTRUCTION OF AN AF ALGEBRA WITH SPECIFIED PRIMITIVE SPECTRUM 
THEOREM. Let X be a spectral space in which the compact open sets form a 
countable basis. Then X is homeomorphic to the primitke spectrum of an AF algebra. 
Proof. Choose a sequence (Kr , K2 ,...) of fi ni ‘t e collections of compact open 
subsets of X satisfying conditions 4(i), 4(ii), and 4(iii). 
Consider U E Ki and V E K,,~, to be related if U 3 V. Denote this relation 
by Ki I K,+l . 
By 2, the lattice of ideals of the sequence Kl ‘q K, L ... of finite sets and 
relations is isomorphic to the lattice of closed two-sided ideals of an AF algebra. 
To prove the theorem, it is enough to show that this lattice is isomorphic to 
the lattice of open subsets of X. Indeed, the lattice of closed two-sided ideals of 
a C*-algebra is isomorphic to the lattice of open subsets of the primitive spectrum 
of the C*-algebra (see [6, 3.2.21). S ince the primitive spectrum of a separable 
C*-algebra is a spectral space (see 3) and by hypothesis X also is a spectral 
space, the assertion follows from the fact that a spectral space is determined by 
its lattice of open sets. 
Let U be an open subset of X. Then the sequence Tr L T, L .t. where T, 
is the collection of I7 E Ki with I’ C 15’ is an ideal, and determines U. Indeed, 
condition 2(i) in the definition of an ideal is trivially satisfied, and condition 2(ii) 
follows from condition 4(ii). That U is determined by the ideal follows from 
condition 4(iii): U is the union of certain of the elements of Kl u K2 u “1, and 
is therefore the union of the elements of Tr u T2 u .... 
Let Tl L T, \ ... be an ideal of the sequence Kr I K2 L “. of finite sets 
and relations. Denote by U the union of the elements of Tl u T, u “‘; we shall 
show that Tl \ T, L ... is the ideal corresponding to the open set U as in the 
preceding paragraph. Fix i = 1, 2 ,..., and let I’ E Ki be such that V C U; we 
must show that V E Ti . By conditions 4(ii) and 2(i), for each j = 1, 2,..., the 
union of the elements of Tj is contained in the union of the elements of T,i.l . 
Therefore, as I’ is compact, there exists j = 1,2,... such that V is contained in 
the union of the elements of Tj . Choose such aj; we may suppose thatj 3 i + 1. 
Let WE Ki+l be such that WC V; then W is contained in the union of the 
elements of Tj . By condition 4(i), W is therefore contained in some element of 
Tj . Hence by condition 2(i), WE Tj+l . 
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It is easily proved by induction that, for eachp = 1, 2,..., the condition 2(ii) 
in the definition of an ideal may be replaced by the following stronger condition 
(which for p = 1 is the same): 
(ii) p Ti is the largest subset of Si (in this case, Ki) such that the image byp 
applications of L is contained in Tits. 
By condition (ii) p with p = i - i, V E Ti , as required. 
We have constructed a bijection from the open subsets of X to the ideals of the 
sequence Kr L Kz \ .... It is clearly an order isomorphism. 
6. THE SPECTRUM OF A POSTLIMINARY AF ~ZLGEBRA 
It follows from the definition of a postliminary C*-algebra (see [6, 4.3.11) 
that every point of the primitive spectrum of such an algebra is isolated in its 
closure. 
THEOREM. Let X be a spectral space in which the compact open sets form a 
countable basis. Suppose that every pomt of X is isolated in its closure. Then X is 
homeomorphic to the primitive spectrum of a postliminary AF algebra. 
Proof. It is sufficient to show that the diagram (or sequence of finite sets and 
relations) constructed in 5 is associated as in 2 to a postliminary AF algebra. The 
diagram does correspond to some AF algebra, or, more correctly, to some 
sequence of finite-dimensional C*-algebras, and the multiplicities of the partial 
embeddings in this sequence may be chosen to be either 0 or 1. We shall show 
that the inductive limit of such a sequence of finite-dimensional C*-algebras 
must be postliminary. Denote the inductive limit of such a sequence by A. 
Inspection of the construction in 5 (or, rather, the construction in 4) shows 
that closed two-sided ideals and quotients of an AF algebra obtained by this 
construction are also obtained in this way. To check that a C*-algebra is post- 
liminary, it is enough to show that each primitive quotient has a nonzero 
elementary closed two-sided ideal (for separable C*-algebras, see 9.l(iv) of [6]). 
The hypothesis on X that each point is isolated in its closure means that each 
primitive quotient of A contains a nonzero simple closed two-sided ideal. Hence, 
to show that A is postliminary, it is enough to show that each simple sub- 
quotient of A is elementary. Passing to a simple subquotient of A, then, we may 
suppose that A is simple. This corresponds to supposing that X is a singleton, 
in which case A is the inductive limit of a sequence of simple finite-dimensional 
C*-algebras with embeddings of multiplicity 1, and is therefore elementary. 
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I. A C'HARACTERIZATIOS OF AF P~STLIMINARY C*-ALGEBRAS 
THEORIW. Let A be a postliminary separable C*-algebra. Suppose that the 
primitive spectrum of A has the prope+l that the compact open sets form a basis. 
Then A is an AF algebra. 
Proof. Step (i). Suppose that i3 is liminary with Hausdorff spectrum. Then 
-4 is an AF algebra. 
To prove this we note first that the Hausdorff property of the spectrum 
implies(together withthe hypothesisof the theorem) that it is totally disconnected, 
and also (with the hypothesis that A is liminary) that ,-1 is the C*-algebra 
defined by a continuous field of elementary P-algebras (see 16, 10.5.41). 
We next recall that an AF algebra can be defined as a separable C*-algebra in 
which any finite set of elements can be approximated arbitrarily closely in norm 
by elements of a finite-dimensional C*-algebra--see 1.6 of [7]. 
Finally, we recall that any set of matrix units in one component of a continuous 
field of C*-algebras can be extended continuously to a neighborhood of this 
point-see Theorem 3.1 of [ll]. 
The assertion is an easy consequence of the preceding facts. In outline: given 
finitely many elements of il, approximate them first by elements concentrated 
in a compact open subset of the spectrum of A, then at each point of this by 
elements of finite rank, then, by continuity, in a closed and open neighborhood 
of each point by a finite-dimensional sub-C*-algebra; hence, by compactness, 
approximate them by a single finite-dimensional sub-C*-algebra. 
Step (ii). Every nonzero quotient of i3 has a nonzero closed two-sided 
ideal which is an 41; algebra 
This follows from Step (i), as every nonzero quotient of A has a nonzero closed 
liminary two-sided ideal with Hausdorff spectrum (see 16, 4.4.4 or 4.4.5]), and 
the hypothesis concerning the spectrum is inherited by closed two-sided ideals 
and quotients--the spectra of which are open subsets and closed subsets (see 
[6, 3.2.11). 
Step (iii). Suppose that there exists a closed two-sided ideal J of A such 
that both J and -4/J are AF algebras. Then A is an AF algebra. 
In the proof of this statement, we shall use only the assumption that A is 
postliminary. 
By 3.3 of [9], it is enough to consider the case that A/J is one-dimensional. 
In other words, given lz = h* E A such that h - h” E J, it is enough to show 
that h may be changed by an element of J so that h - h2 0. 
Suppose first that J is liminary and that the spectrum of J is Hausdorff- 
and hence totally disconnected (see 3). By Theorem 2.4 of [4], which deals with 
the case that J is elementary, for any primitive ideal t of J we may change h by 
an element of J so that h - h” E t. Hence by continuity of t i--t 1: a +- t /I on the 
spectrum of J for u E J (see [6, 3.3.9]), we may change 1~ by an element of J 
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so that 11 h - h* 11 < 2. Then as in 1.6 of [12] we may operate on h with a func- 
tion with values 0 and 1 which is 0 at 0 and 1 at 1 and continuous on the spectrum 
of h, thus obtaining a projection with the same image in A/J as h; replacing h 
by this projection, we change h by an element of J so that h - h* = 0. 
Now choose a composition series (Js)o~B~a for J such that each quotient 
Js+l/Ja is liminary with Hausdorff spectrum (see [6, 4.5.5]), and proceed by 
transfinite induction on ~1. The case OL = 0 was considered in the preceding 
paragraph. In the case OL = ,l3 + 1, the quotient of A/J,, by J/J6 = JnLIjJB is 
one-dimensional and as in the preceding paragraph we may change h by an 
element of J so that k - h* E Ja; hence by the inductive hypothesis we may 
change 12 a second time by an element of JP--in particular, by an element of 
J-so that h - h* = 0. In the case that 01 is a limit ordinal, there exists ,Q < i~ 
such that /I h - h* + JB ;/ < 4; then as in the preceding paragraph we may 
change h by an element of J so that h - 19 E Jo; hence, as above, by the inductive 
hypothesis we may change h a second time by an element of Jo so that h - h* ==- 0. 
Step (iv). By Step (ii), A h as a composition series in which the quotients are 
AF algebras. Hence by Step (iii) ( use transfinite induction on the ordinal of the 
composition series), A is an AF algebra. (Here is needed the fact that the closure 
of the union of an increasing sequence of AF algebras is also an AF algebra- 
this is immediate from the alternative definition of an AF algebra given in Step (i). 
In fact, with this alternative definition, separability need not be mentioned in 
Theorem 7.) 
8. REMARKS AND PROBLEMS 
8.1. The construction in 4 involves a number of arbitrary choices. Are any 
two sequences of finite sets and relations, obtained as in 5 from different choices 
in this construction, equivalent, in the sense that subsequences of both can be 
intertwined and made subsequences of a third sequence ? 
In other words, does the construction in 4 lead to a class of AF algebras for 
which the primitive spectrum is a complete invariant ? 
8.2. In [I 31, Hochster characterized the prime spectrum of a commutative 
ring with unit as a compact spectral space (defined as in 3 above) in which the 
compact open sets form a basis (not necessarily countable), and such that the 
intersection of two compact open sets is compact. His construction of a commu- 
tative ring with given spectrum does not depend on arbitrary choices, and is in 
fact in a certain sense functorial. 
The intersection of two compact open sets in the spectrum of an AF algebra 
need not be compact. This was pointed out to us by A. H. Dooley, using the 
C*-algebra of convergent sequences of 2 x 2 matrices with limit a diagonal 
matrix. 
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8.3. In [3] it was shown that the centre of an AI: algebra is an arbitrary 
separable commutative C*-algebra. It follows from the unital case of this, together 
with the Dauns-Hofmann theorem (see, e.g., [lo]), that the algebra of continuous 
functions on a compact spectral space in which the compact open sets form a 
countable basis is an arbitrary separable commutative C*-algebra with unit. 
8.4. A consequence of Theorem 5 is that a spectral space in which the 
compact open sets form a countable basis is a Rairc space. 
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